Postulated by Pauli to explain the electronic structure of atoms and molecules, the exclusion principle establishes an upper bound of 1 for the fermionic occupation numbers, {n i }. A recent analysis of the pure N -representability problem provides a wide set of inequalities for the {n i }, leading to constraints on these numbers. In this work we study the nature of these inequalities for some atomic and molecular systems. Our results suggest that saturation (i.e., the inequalities becoming equalities) of some of these inequalities leads to a strong selection rule for the dominating configurations in configuration interaction (CI) expansions, which ultimately can provide means for significantly reducing their computational requirements.
I. INTRODUCTION
The configuration interaction (CI) method affords optimal descriptions of quantum states of atoms and molecules by expanding the wave function in terms of orbital-based configurations. For these systems, the dimension of the Hilbert space grows binomially with the number of spin-orbitals, m, and of electrons, N , of the system. Due to this rapid growth of the configuration space, the method easily becomes numerically very demanding. Moreover, the CI expansion typically contains a great number of configurations that are superfluous (i.e., their expansion coefficients are very small) for computing molecular electronic properties. Several approaches have been devised for selecting the most effective configurations in CI expansions.
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The fermionic natural occupation numbers (arranged in the customary decreasing order n i ≥ n i+1 ) fulfill the constraint n i ≤ 1, accordingly allowing no more than one electron in each quantum state. This is also known as the ensemble N -representability conditions. Formulated by Coleman, 3 this is a necessary and sufficient condition for a one-body reduced density matrix to be the contraction of an ensemble N -body density matrix, provided that i n i = N . In a seminal work, Borland and Dennis 4 observed that for the rank-six (i.e., m = 6) approximation of a purestate N = 3 system, belonging to the Hilbert space ∧ 3 H 6 , the occupation numbers satisfy the following additional constraints:
n 1 + n 6 = n 2 + n 5 = n 3 + n 4 = 1,
(1) n 1 + n 2 ≤ 1 + n 3 .
The first set of equalities allows exactly one electron in the natural orbitals r and 7 − r. The recent analysis by Klyachko and coworkers 5, 6 of the pure N -representability problem of the one-body reduced density matrix establishes a systematical approach to this type of constraints. In fact, for a pure quantum system of N electrons arranged in m spin-orbitals the occupation numbers satisfy a set of linear inequalities, known as generalized Pauli conditions (GPC), 
with n := (n 1 , . . . , n m ), the coefficients κ µ j ∈ Z and µ = 1, 2, . . . , r N,m . These conditions define a convex polytope of allowed states in R m . They are conditions for a onebody reduced density matrix for a pure N -body state. When one of the GPC is completely saturated [i.e., the equality holds in Eq. (2) ], the system is said to be pinned, and it lies on one of the facets of the polytope.
To our knowledge, the nature of those conditions has been explored till now only in a few systems: a model of three spinless fermions confined to a one-dimensional harmonic potential, 7 the lithium isoelectronic series, 8 and ground and excited states of some three-and fourelectron molecules for the rank being equal to twice the number of electrons. 9 For all these systems the inequalities are (quite often) nearly saturated, that is, in equations like (2) the equality almost holds. This is the socalled quasipinning phenomenon, originally proposed by Schilling, Gross and Christandl. 
holds. An important super-selection rule emerges for pinned wave functions. 10 In fact, given a pinned system that satisfies the equality (3), the wave function is an eigenfunction of a certain operator with eigenvalue zero. As it will be discussed later in this paper, pinning enables the wave function to be described by an Ansatz based on this selection rule, reducing dramatically the number of Slater determinants in the CI expansion. Recently, the stability of this selection rule (the potential loss of information when assuming pinning instead of quasipinning) has been measured for systems with non-degenerated natural orbitals which are close to the boundary of the polytope.
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In this work we shall study the connection between quasipinning, pinning, and the excitation structure of the CI wave function in more detail. We shall identify those configurations that are negligible when imposing pinning on the wave function. To begin with, we prove that the spin-restricted open-shell system ∧ 3 H 6 is always pinned to the facet of the Borland-Dennis polytope (1) . Written in the basis of natural orbitals, the exact wave function for this system neither contains single nor triple excitations. Similar results hold for higher-rank approximations. This result gives accordingly an explanation for why the wave function in the basis of natural orbitals has only small coefficients to the Slater determinants containing only single excitations as observed earlier.
12,13
The approach to the electronic structure adopted in this work is intimately connected to quantum information theory, since there now exist measures of quantum entanglement for three-fermion systems in rank six, seven and eight.
14,15 A second goal of the present paper is therefore to study these measures in the context of our physical spin-partitioned systems.
The paper is organized as follows. Section II elucidates the super-selection rule for pinned systems and discusses the ideas behind the GPC in ordinary quantum chemistry language. Section III is devoted to prove that the spinrestricted open-shell system ∧ 3 H 6 is always pinned to the boundary of the polytope described by the BorlandDennis conditions. In Section IV we present results of numerical investigations for some atomic and molecular models: a lithium atom with broken spherical symmetry and the three-electron molecule He + 2 . In Section V we explore the connections between quasipinning, pinning and the excitation structure of the CI wave function for three-and four-electron systems. Section VI deals with quantum-information properties: we prove in particular that the spin-restricted open-shell system ∧ 3 H 6 belongs to the W -entanglement class of tripartite quantum states. Finally, in the last section we summarize our conclusions.
Throughout the paper we employ Hartree's atomic units.
II. SUPER-SELECTION RULES
In the full CI picture, the wave function in a given oneelectron basis is expressed as a linear combination of all possible Slater determinants:
where |K denotes a Slater determinant, eigenfunctions of the spin operator S z that belong to the same eigenvalue. Since many of these Slater determinants, in general, are not eigenfunctions of S 2 , spin-adapted linear combinations of these S z eigenfunctions are imposed.
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A one-body density operator is compatible with the pure-state density matrix |Ψ Ψ| whenever its spectrum satisfies a set of linear inequalities of the type (2). For pinned systems, such that the condition (3) holds, the corresponding wave function belongs to the 0-eigenspace of the operator
where a † i and a i are the creation and annihilation fermionic operators of the state i. By using the expression of the wave function in the full CI picture, this pinning condition can be recast into a super-selection rule for the Slater determinants that appear in the CI decomposition. Given a pinned system that satisfies the equality (3), each Slater determinant that appears in the expansion (4) must be an eigenfunction of D This latter statement is actually a well-known result in symplectic geometry for non-degenerate occupation numbers and its proof can be traced back to the eighties. 17 The degenerate case needs a proof, which is forthcoming. 18 It immediately demonstrates that the (quasi)pinning phenomenon allows us to drastically reduce the number of Slater determinants in CI expansions.
The criterion can become even more strict when more than one pinning constraint is satisfied. For a set of constraints is irrelevant, since they commute.
In the remaining sections of this paper, we shall explore (in)effective configurations when a certain number of pinning conditions are imposed. For simplicity we focus on three-electron systems with Hilbert space ∧ 3 H m .
For the rank-six approximation for three-electron systems it is known 4 that the natural occupation numbers satisfy the constraints n r + n 7−r = 1 (r = 1, 2, 3) and
where the numbers {n i } are arranged in the customary decreasing order n i ≥ n i+1 and fulfill the Pauli condition n 1 ≤ 1. The inequality (6) together with the decreasing ordering rule define a polytope (Fig. 1 ) in the space of the occupancy numbers. Clearly, the smallest possible value for the first three occupation numbers is 0.5. The condition n i +n 7−i = 1 implies that in the natural orbital basis, namely {α i } 6 i=1 , every Slater determinant is composed of three natural orbitals |α i α j α k , each one belonging to one of three different sets, say
This results in eight possible configurations,
In the spin-restricted configuration there are three spin-orbitals whose spin points down, and the other three point up. Therefore, the one-body reduced density matrix (a 6 × 6 matrix) will be the direct sum of two (3 × 3) matrices, one related to the spin up and the other related to the spin down. The wave function is an eigenstate of the total spin operator S z (and of S 2 ). Therefore, each acceptable Slater determinant will contain two spin-orbitals pointing up (for instance) and one pointing down. It follows that the trace of one of those matrices will be equal to one, while the sum of the diagonal elements of the other one will be equal to two. We examine the case in which two of the first three occupation numbers belong to the matrix whose trace is equal to two.
Hence, we have the following two conditions: n i + n j + n x = 2 and n k + n y + n z = 1, where i, j, k ∈ {1, 2, 3} and x, y, z ∈ {4, 5, 6}. For a given i and j there are three possible values of x and therefore there are in principle nine possible solutions, n 1 + n 2 + n x = 2 and n 3 + n y + n z = 1, (7) n 1 + n 3 + n x = 2 and n 2 + n y + n z = 1, (8) n 2 + n 3 + n x = 2 and n 1 + n y + n z = 1.
However, not all these result in a rank-six wave function. Consider for instance the cases n 1 + n 2 + n 5 = 2 and n 3 + n 4 + n 6 = 1, (10) n 1 + n 2 + n 6 = 2 and n 3 + n 4 + n 5 = 1.
The condition for rank six is simply n 6 > 0 because the eigenvalues are in decreasing order. Then (10) with n 3 + FIG. 1. Polytope defined by the expression n1 + n2 ≤ 1 + n3, subject to the condition 1 ≥ n1 ≥ n2 ≥ n3 ≥ 0.5. The saturation condition n1 +n2 = 1+n3 is satisfied by the points on one of the faces of the polytope, whereas on the edges n2 = n3 we have n1 = 1 and for n1 = 1.5 − n2 we have n3 = 0.5. The single determinant state is placed at the upper right corner ni = 1 of the polytope.
n 4 = 1 would give n 6 = 0, which means that the rank is at most five -in conflict with our assumption. Also, (11) gives n 5 = 0, but then also n 6 = 0 since n 5 ≥ n 6 , so the rank would be at most four. It is not difficult to see that the same conclusion holds for the equalities (8) and (9) . Finally, there are three possible conditions left. Of those, one is n 1 + n 3 + n 5 = 2 and n 2 + n 4 + n 6 = 1.
However, using that n 2 = 1 − n 5 one obtains −n 5 + n 4 + n 6 = 0, which implies that n 4 = n 5 − n 6 < n 5 which is in contradiction with n i ≥ n i+1 . The second one is n 2 + n 3 + n 6 = 2 and n 1 + n 4 + n 5 = 1.
Using that n 1 = 1 − n 6 one obtains −n 6 + n 4 + n 5 = 0. This implies that n 4 = n 6 − n 5 ≤ 0, which is impossible. The third and, accordingly, only condition is n 1 + n 2 + n 4 = 2 and n 3 + n 5 + n 6 = 1, saturating completely the Borland-Dennis-Klyachko representability condition (6) . Therefore, the spin-restricted open-shell wave function of ∧ 3 H 6 lies on the face of the polytope. This is in full agreement with the numerical results that have been obtained previously.
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The wave function for the spin-restricted open-shell configuration for ∧ 3 H 6 in the basis of natural orbitals can be written as
with the normalization condition
This wave function exists in the 0-eigenspace of the operator
3,6 |Ψ = 0. The occupation numbers are thus given by:
At this place it may be relevant to mention that, despite its success in recovering a very large part of the correlation energy with few configurations, the use of a natural-orbital-based formulation of the wave function presents some difficulties. In principle, natural orbitals are only known after diagonalizing the one-body density matrix; hence, the wave function must be already known from the beginning. Recursive techniques have been proposed to approach asymptotically the natural orbitals.
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Now, the exact expression for the spin-restricted formulation of the system ∧ 3 H 6 given by (12) leads to a diagonal one-body reduced density matrix, without any restriction on the amplitudes c ijk (provided, of course, that the orbitals are orthonormal). For such a simple system one does not need a recursive procedure: the problem can be attacked by solving Hartree-Fock equations using extended basis sets.
IV. NUMERICAL INVESTIGATIONS
In this section we shall extend the discussion of the previous section through numerical studies on various 3-electron systems.
A. Lithium with broken spherical symmetry
In a previous paper 8 we obtained rank-six, -seven and -eight approximations for the lithium isoelectronic series by using a set of helium-like one-particle wave functions in addtion to one hydrogen-like wave function. Guided by the classical work of Shull and Löwdin 20 for the former we employed the following set of orthonormal spatial orbitals:
2 , and we use the standard definition of the associated Laguerre polynomials L ζ n . 21 For the hydrogen-like function we used ψ(β, r) = 1 4
Applying a variational procedure for the state |δ 1 ↑δ 1 ↓ψ↑ results in α = 2.68 and β = 1.27, and the total energy associated to this Slater determinant becomes −7.4179 a.u. 8 which is reasonably close to the Hartree-Fock energy −7.4327 a.u. Now we examine the GPC when the spherical symmetry of the central potential is broken by considering the following Hamiltonian:
The case H(3, 0) is the Hamiltonian of lithium whose accurate value for the energy is −7.47806 a.u. The immediate motivation behind this model is that the spherical symmetry of the isolated Li atom puts a lot of constraints on the possible occupation numbers. Lowering the symmetry will make the model more flexible and, accordingly, allow to study more general cases. In addition, the model can serve as describing a Li atom embedded into some environment that does not provide covalent interactions with the Li atom although an external potential.
We have performed the calculations of this section by searching those values of α and β for which the approximation to the ground state leads to the minimum energy when using spin-adapted linear combinations of Slater determinants. Analytical expressions for the electron integrals were computed using Mathematica 22 and orthonormalized orbitals were obtained by using the GramSchmidt orthonormalization procedure. Computations were performed with 36 decimals floating-point precision.
Rank six
The spin-restricted rank-six approximation for this system, i.e., for H(3, γ), is always pinned to the boundary of the polytope, as we already have shown in the general case in Section III. It may be interesting to examine the spectral trajectory of the "best" spin-restricted state in ∧ 3 H 6 as a function of the parameter γ by means of minimizing the CI states on the manifold (α, β). To this end we choose as a one-particle Hilbert space the set
The Hilbert space factorizes then in the direct product of two spin-orbital sectors
There are 9 configurations in total, 8 of which belong to the j = representation, The configuration |δ 1 ↑ψ↓δ 2 ↑ + |δ 1 ↓ψ↑δ 2 ↑ + |δ 1 ↑ψ↑δ 2 ↓ belongs to the representation j = In order to quantify the position of the set of occupation numbers on the boundary of the polytope we define
as the distance between the spectrum of the state to the extreme point of the polytope which in turn corresponds to the spectrum of a single determinant. Figure 2 shows ξ for small values of γ of the electronic Hamiltonian (13) in. For increasing γ the spectrum of the one-body density becomes closer to the extremum of the polytope, which corresponds to the spectrum of a single determinant. The kinematics maintains the state pinned to the boundary of the Borland-Dennis polytope since its natural occupation numbers satisfy the condition
A similar behavior is observed for the unrestricted description using, for instance, the set
as the one-particle Hilbert space. However, the energy predicted by this latter configuration is slightly worse than the one predicted by the spin-restricted case.
Finally, figure 3 depicts the ground-state energy predicted by our model for the spin-restricted version of the rank-six approximation as a function of γ. For H(3, 0) the ground-state energy is −7.4311 a.u., which reaches almost completely the Hartree-Fock energy for lithium. Remarkably, the rank-eight approximation for this model gives for the ground-state energy of lithium −7.4548 a.u., which represents more than 50% of its correlation energy. 
Rank seven
There are four GPC for the three-electron system in a rank-seven configuration
For the lithium isoelectronic series calculations show that the first of these four inequalities is completely saturated.
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Also the following interesting system has been analyzed. 10 The first excited state of beryllium, with spin (S, S z ) = (1, 1), fills the lowest three shells 1s, 2s and 2p. The first natural orbital is completely occupied and the last two ones are empty (thus, n 9 = n 10 = 0). The seven remaining natural orbitals are organized in such a way that the first inequality in (14) is saturated, too.
For the rank-seven approximation to the Hamiltonian (13), we choose Rank Energy as the one-particle Hilbert space. Other types of configurations are possible, too, but they lead to higher values for the ground-state energy. There are 18 configurations in total, but only 14 of them belong to the j = 1 2 representation. For any γ, the occupation numbers satisfy n 1 + n 2 + n 4 + n 7 = 2 and n 3 + n 5 + n 6 = 1 (15) implying that the first GPC of (14) is completely saturated. The Hilbert space of this system splits then into the direct product of two spin-orbital sectors
For lithium we found previously
8 that the GPC could be split into two groups differing in how close the equalities were obeyed, i.e., one may talk about two scales of quasipinning. Here we observe the same phenomenon. In fact, the value of the constraint D 2 3,7 is always below 1.3717 × 10 −5 , taking its maximum for γ = 0.01 as indicated in Fig. 4 .
On the other hand, for the remaining two GPC (D for the third constraint decreases when the value of γ grows, while for the last one it increases when γ increases. Notice the crossover of two constraints close by γ = 0. For γ = 0 the calculated energy for this model is equal to −7.4458 a.u., lower than the Hartree-Fock energy for lithium.
There is a remarkable result when imposing, besides
the complete saturation of the second constraint in (14) . In fact, if (15) holds and at the same time the saturation of the second constraint is required to be satisfied (i.e., D 2 3,7 = 0) then the rank-six Borland-Dennis saturation condition is also valid, 1 + n 3 = n 1 + n 2 .
B. A molecular system
In this subsection we study the behaviour of the occupation numbers of the helium molecular ion He + 2 . The aim is to explore the GPC along the dissociation path of this three-electron system for which the system is lower than spherical and identify which of them are almost or completely saturated. In the early years of quantum chemistry, the ground-state energy and equilibrium geometry of this system were computed by means of a variational procedure. 23 The obtained values were -4.93 a.u. for the energy and 2.073 a.u. for the equilibrium bond length. Experimental equilibrium bond length is 2.043 a.u.
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In the present study we have approximated each atomic orbitals by six Gaussians (STO-6G). 25 We shall here report our results for rank-six, -seven and -eight CI approximations for this diatomic ion.
Occupation numbers for the ground-state of He
For a three-electron homonuclear dimer with atomic charges Z the energy is given by the expression
The two atoms are located at R A and R B and are separated by R := R A − R B . The standard quantumchemical notation x := (r, ς), with ς ∈ {↑, ↓} is employed. For three-electron systems, the one-body and two-body reduced density matrices ρ 1 and ρ 2 are related through
The electron pair density comes from the contraction of the pure density matrix The diagonal part of this matrix is denoted
The molecular orbitals are constructed as linear combinations of the atomic 1s and 2s orbitals. In the rest of this subsection, standard notation for the bonding (ger-
Higher-rank configurations are obtained by adding the orbitals {2σ u ↑, 2σ u ↓}.
A number of findings and conclusions can now be identified:
• For rank six, the spin-adapted configuration gives the Borland-Dennis-Klyachko saturation condition 1 + n 3 = n 1 + n 2 .
• For rank seven, we obtain the following values for the GPC: • For this latter rank, two scales of quasipinning are clearly identified. Compared with the lithium-like atom the presence of quasipinning is here more meaningful and probably more useful in order to reduce the number of Slater determinants.
The number of GPC grows very strongly with rank. For rank eight, we find 31 inequalities 6 (they have been listed in a plain-text format 26 ). Of those, 19 constraints are given in Table II . Several scales of quasipinning can be identified here. The most important point is, however, the robustness of quasipinning. In particular, the quantity D 2 3,8 , found to be exactly zero in the previous rank, remains in a saturated regime. The first and fifth inequality belong to this strongly pinned regime, too.
For the remaining inequalities we have
We note here that imposing exact pinning in the highly quasipinned constraint
leads to the Borland-Dennis-Klyachko condition 1+n 3 = n 1 + n 2 , as for pinned rank six and seven.
Occupation numbers and potential energy curves
Potential energy curves for the three different ranks of the CI approximation for He + 2 are presented in Fig. 6 . At the equilibrium geometry, as also indicated in Table I , a larger rank results in a lower ground-state energy. All approximations behave similarly around the equilibrium distance. At large interatomic distances, the value predicted by the rank-six configuration is -4.8015 a.u. which is to be compared with the total energy of the two separated compounds (He and He + ): -4.9032 a.u.
27
Fig. 7 displays rank-seven GPC as functions of the interatomic distance in atomic units. There are again two scales of quasipinning. The first two GPC remain in a strongly pinned regime, since for those D µ 3,7 is very close to 0. For those, we notice a sharp crossover at lengths larger than that of equilibrium. In fact, one of them is always completely saturated: in the region R < 2.9 a.u., i.e., is a good approximation. Unfortunately, we do not yet have an explanation for this apparent quenching of degrees of freedom that, however, deserves further investigation.
For rank-eight, several scales of quasipinning can be observed for He + 2 . Our main result is again the robustness of quasipinning. In particular, we observe that the quantities D To a second quasipinning regime belong the quantities Beyond the equilibrium bond length, the behavior and the numerical values of these constraints are almost the same (see Fig. 8 ). The remaining GPC are further from quasipinning.
V. QUASIPINNING AND EXCITATIONS

A. Three-electron systems
It is remarkable that the wave function (12) does not contain single (S) or triple (T) excitations of the initial (usually close to the Hartree-Fock) state,
The Slater determinants |α 1 α 4 α 5 and |α 2 α 4 α 6 correspond to double (D) excitations of this state.
From the seminal work of Löwdin and Shull it is known that the transformation to natural orbitals removes all single excitations of the wave function of two-electron systems.
12 For the singlet state the general wave function can be written as
Again, we have used x := (r, ς) with ς being the spin coordinates {↑, ↓}. A similar expression can be found for the triplet state.
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Unlike two-electron systems or the spin-restricted version of ∧ 3 H 6 , single excitations cannot be completely removed from the CI wave function of general manyelectron systems when this is written in terms of natural orbitals. However, by studying the BH molecule, Mentel and coworkers 13 have recently shown that writing the wave function in the basis of natural orbitals leads to a sharp drop of the coefficients of Slater determinants containing just single excitations. For this molecule, the sum of squares of CI coefficients of singles falls from 1.5×10 −3 to 5.3 × 10 −6 when changing to the natural orbital basis. In this section we shall argue that this is a consequence from imposing Klyachko selection rules on the occupation numbers.
Selection rules for excitations in
The spin-restricted rank-six approximation for threeelectron systems is always pinned to the boundary of the polytope as we have shown in Sec. III. Moreover, in the natural basis the exact wave function does not contain single or triple excitations; there are only two double excitations of the initial state.
The spin-unrestricted approximation for ∧ 3 H 6 is in general not pinned to the boundary and contains (three) single, (three) double and (one) triple excitation as well. If the saturation of condition (6) is imposed, the singles, the triple and one double are removed from the full CI expression, as summarized in Table III . As discussed in Sec. III, in the natural-orbital basis the pinned wave function becomes then There are four Klyachko inequalities for the threeelectron system in a rank-seven approximation ∧ 3 H 7 given in Eq. (14) . The corresponding operators are
As discussed above, for the lithium isoelectronic series, 8 for the first excited state of beryllium in a rank-ten approximation 10 and for the system described by the Hamiltonian of Eq. (13), the first of the four inequalities (14) is completely saturated. Accordingly, for all these systems, the exact wave function satisfies the condition
The condition n 1 + n 2 + n 4 + n 7 = 2 implies that in the natural orbital basis, every Slater determinant is composed of three natural orbitals, two of them belonging to the set {α 1 , α 2 , α 4 , α 7 } and one belonging to the set {α 3 , α 5 , α 6 }. There are in total eighteen of those Slater determinants. Under this condition, the system ∧ 3 H 7 is reduced to H 3 ⊗ ∧ 2 H 4 .
Condition
|0 S D T Total
Full CI 1 6 9 2 18 D Imposing the saturation of the second inequality of (14), i.e., D Table IV . The corresponding wave function |Ψ 3,7 is written in terms of 9 configurations. Saturating one of the remaining two inequalities removes five doubles. The pinned wave function belongs thus to the 0-eigenspace of the operator D 
Instead of choosing D Imposing the saturation of the second and fifth constraints, the singles and the triples are removed completely, as shown in Saturating, in addition, the sixth constraint leads to a wave function which belongs to the 0-eigenspace of the operator D 
This wave function is The saturation of
is not possible because, as can be easily checked, it leads to a rank-seven wave function. We finally note here that the wave functions produced under the pinning conditions discussed in this section
lead to a complete saturation of the (so-called) BorlandDenis-Klyachko representability condition for rank six, namely,
B. Electronic energy and pinning truncations for He
The idea behind quasipinning is to approximate the wave function through a truncated expansion using the selection rules that emerge after imposing pinning. Therefore, it is highly relevant to examine how the electronic energy is affected when the number of configurations is reduced through this truncation. This section is aimed to explore the value of the ground-state energy for the helium dimmer He + 2 for different pinned wave functions, compared with the energy predicted for the CI expansion within the same rank.
Let us write the one-body reduced density matrix (16) in a suitable orthonormal real basis set:
such that ψ i |ψ j = δ ij . Suppose the eigenvalue problem for the matrix [γ] ij := γ ij has been solved. There is then an orthogonal matrix O such that
Note that the eigenvalues of γ are the natural occupation numbers; their sum is equal to the number of particles. The set of natural orbitals is defined as follows:
is diagonal in the (orthonormal) basis of natural orbitals.
To compute the electronic energy in the basis of natural orbitals, we define the following integrals:
From one set of integrals one can construct the other one by means of the following relations:
where O is the orthogonal matrix defined in (20) . The wave function must be also an eigenfunction of the spin operators:
2 is Hermitian and the eigenfunctions belonging to different eigenvalues are orthogonal. This fact can be used to construct linear combinations of Slater determinants which are eigenfunctions of both spin operators. 16 Moreover, since the one-body density matrix is diagonal in this basis, there are additional constraints on the amplitudes:
This latter condition, along with the linear combinations arising from spin considerations discussed above, must be implemented in order to obtain correct expressions for the wave functions.
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For the spin-restricted ∧ 3 H 6 configuration there is no difference in imposing pinning since the system we are considering is always pinned. For higher ranks, there are remarkable simplifications to the structure of the wave function after saturating completely some of the GPC, as shown previously in this chapter. Table VI contains the value of the energy for (pinned and non-pinned) wave functions for the rank-seven approximation. Pinned wave functions result in a relative deviation of less than 0.85% compared to the CI energy at this rank of approximation. Table VII contains the value of the electronic energy predicted for the full CI and pinned rank-eight wave functions. In order to obtain an eigenfunction of both spin operators, the full CI wave function is made up of 20 of the 24 Slater determinants belonging to the Hilbert space
The relative deviation with respect to the CI energy to this rank of approximation is in this case less than 0.79%. 
C. Four-electron systems
For the case of a four-electron system with a 8-dimensional one-electron Hilbert space, ∧ 4 H 8 , there are in total 14 generalized Pauli conditions. Derived initially by Klyachko, 6 they read
for 1 ≤ µ ≤ 7 and provided that n 1 ≤ 1. The coefficients κ µ i are given in Table VIII. For quantum states with an even number of fermions, a vanishing total spin and time-reversal symmetry, Smith proved that a one-body reduced density matrix is pure Nrepresentable if and only if all its eigenvalues are doubly degenerated. 30 Therefore, for these systems, the occupation numbers obey Then, the double degeneracy of the occupation numbers forces the generalized Pauli conditions for the system ∧ 4 H 8 to reduce to the traditional Pauli exclusion principle.
9 Therefore, a state will be pinned only if it is pinned to the traditional Pauli conditions, which only occurs for a single-determinant wave function. For instance,
Chakraborty et al. 9 computed the occupation numbers for the ground state of some four-electron molecules for rank equal to twice the number of electrons, employing a STO-3G basis set and computing electron integrals by means of the GAMESS package. To this rank of approximation, the two energetically lowest orbitals of LiH are completely occupied (therefore D 1 4,8 = 0) and the ShullLöwdin functional guarantees that doubly excited determinants completely govern rank-eight CI calculations for this molecule. However, there are important effects of dynamical electron correlation which involves the core electrons and the molecule cannot be considered as a two-electron system. In fact, for higher ranks the two biggest occupation numbers (n 1 = n 2 ) become smaller than 1. The first (and the second as well) occupation number of BH is very close to 1 and accordingly D 
is completely saturated, the corresponding wave function is a member of the 0-eigenspace of the operator:
and single, triple and quadruple excitations are suppressed (see Table IX ).
The saturation of the rank-seven condition (23) is equivalent to the rank-six condition (19) in the sense that only doubly excited Slater determinants become important. In general, for the system ∧ m H N , the condition
has as a consequence that only double excitations become the relevant configurations in a CI expansion. 31 Moreover, the only configuration containing the orbital α N is |α 1 α 2 · · · α N .
In a spin-unrestricted description, the system ∧ 4 H 8 with total spin equal to one contains 30 configurations, corresponding to ∧ 3 H 5 ⊗ H 3 . If the GPC (23) is saturated, the corresponding wave function contains only double excitations, as indicated in Table X . Besides the initial configuration
the configurations present in the expansion are double excitations of this state which, in addition, do not contain the fourth natural orbital α 4 .
For the larger system ∧ 4 H 10 , the occupation numbers are bounded by 121 constraints.
6,26 They read in general:
The number of electrons is even, assuming S 2 = 0 and time reversal symmetry, the occupation numbers are doubly degenerate. Therefore, defining
for i ∈ {1, 3, 5, 7, 9}, Klyachko conditions become
where Ω = {1, 3, 5, 7, 9}. It will not be difficult to see that the expression (26) reduces to the traditional Pauli exclusion principle. As in the case ∧ 4 H 8 , a state that is a member of ∧ 4 H 10 is not pinned to the boundary of the polytope. Hence, most even-number electron systems fulfill the Smith identities n 1 = n 2 , n 3 = n 4 , . . . . These comply with all Klyachko inequalities, and in the ground state appear to be always pinned to the (smaller) Smith polytope.
VI. ENTANGLEMENT CONSIDERATIONS FOR PINNED SYSTEMS
The quest for entanglement measures for multipartite systems is among the most important challenges facing quantum information theory. The entanglement classification of three-fermion systems within a rank-six single-particle approximation is well known and has been used to study information properties of some many-body quantum systems.
8,14
In an attempt to generalize the Schmidt decomposition widely used in bipartite systems, Lévay and Vrana
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proposed an entanglement measure on the basis of cubic Jordan algebra theory. Consider a wave function |Φ belonging to the twenty-dimensional Hilbert space ∧ 3 H 6 given in some basis {i} 
The measure of entanglement is then given in terms of the absolute value of the expression
where the expansion coefficients in Eq. (27) are arranged in two 3 × 3 matrices and two scalars, with I being the 3 × 3 identity matrix. There are four non-trivial entanglement classes: (i) the totally separable wave functions whose canonical form is a singledeterminant state, (ii) biseparable states whose canonical form is
as well as two non-trivial tripartite entanglement classes: (iii) those with |T | = 0 and (iv) those with |T | = 0 provided then that a pertinent dual wavefunctionΦ is different from zero. These two latter cases exhibit genuine tripartite entanglement (since they are neither separable nor biseparable). They are inequivalent since there is no unitary transformation relating the two types of states. The case |T | = 0 corresponds to the maximally entangled GHZ (Greenberger-Horne-Zeilinger) class, whose canonical form is |GHZ := c 123 |123 + c 456 |456 , whereas the case |T | = 0 is the W -class whose representative is the spin-restricted open-shell wave function (say, |W ). In fact, as it can be easily checked, the state (12) results in a T -measure of entanglement equal to 0. In contrast, the spin-unrestricted wave function for the system ∧ 6 H 3 results in the general case in an unpinned state and a T -entanglement different from zero. 8 This, in particular, means that entanglement-wise spin-restricted states and spin-unrestricted ones are mutually disconnected. However, not all the states with T -entanglement equal to zero are pinned, but it can only occur if it is the case.
15
To study entanglement properties of rank-seven threeelectron systems, consider a wave function |Φ belonging to the 35-dimensional Hilbert space ∧ 3 H 7 given in some basis {i} In addition to the four non-trivial classes of entanglement found for the rank-six system (i, ii, iii, iv), there are five non trivial classes involving all the basis vectors of the seven-dimensional single-particle Hilbert space. The latter classes of entanglement are the following:
15 (v) symplectic-based states whose canonical form is |v := (c 167 |16 + c 257 |25 + c 347 |34 ) ∧ |7 .
The remaining classes result by adding to |v the entanglement classes studied for rank-six systems. In fact, the class (vi) corresponds to symplectic-based states plus a separable state whose canonical form is given by the expression |v + c 123 |123 , (vii) those states which are equivalent to (v) plus a biseparable rank-six state |v + |1 ∧ (c 123 |23 + c 145 |45 ), as well as (viii) the class whose representative is |v + |W and (ix) the class whose canonical form is |v + |GHZ , being the maximally entangled state for this rank. All these classes are inequivalent since no unitary transformation relates them.
The rank-seven pinned states (17) and (18) belong to the entanglement class (vi). Moreover, pinned state cannot lie in classes iv, vii, viii and ix.
VII. CONCLUSION
Postulated by Pauli to explain the electronic structure of atoms and molecules, the exclusion principle states that each quantum state cannot be occupied by more than one electron, establishing an upper bound of 1 for the fermionic occupation numbers. Dirac pointed out that this principle is a consequence of the antisymmetry imposed on the wave function. Due to Klyachko and coworkers, the recent solution of the pure N -representability problem provides a wide set of constraints on the occupation numbers for fermionic systems. For pure states, their algorithm produces sets of linear inequalities (or generalized Pauli conditions) for these numbers.
The saturation (i.e., the case that the inequalities become equalities) of some of these generalized Pauli conditions leads to a strong selection rule for identifying the most (in)effective configurations in CI expansions. Ultimately, this selection rule can provide means for reducing the number of Slater determinants in the CI picture and therefore reducing its computational requirements dramatically. 7, 8, 10 In this sense, Klyachko paradigm, which provides a powerful tool to identify superfluous or ineffective configurations in CI approximations to atomic and molecular structures, is of great theoretical relevance for computational quantum chemistry and is expected to be able to lead to significant reduction in computational costs also for more complex systems.
By means of theoretical and numerical results, in this paper we have explored the nature of pinning and quasipinning in some atomic and molecular models (perturbed lithium with broken spherical symmetry and the dimer ion He + 2 , for several ranks). At first we showed that the natural occupation numbers for the spin-restricted openshell system ∧ 3 H 6 saturate completely the BorlandDennis-Klyachko representability condition 1 + n 3 = n 1 + n 2 ,
in full agreement with the numerical results previously obtained (among others, the ground state of lithium).
8,9
It is remarkable that the occupation numbers of the simpler rank-five system obey the same pinned relation, with only one effective double excitation.
8
For higher ranks, several scales of quasipinning can be observed also for molecular systems with different interatomic distances. The first two rank-seven GPC (i.e., D 1 3,7 and D 2 3,7 ) belong to a highly saturated regime, with one of them being completely pinned to the boundary of the polytope. Remarkably, the simultaneous saturation of both constraints also leads to the Borland-Dennis condition found for rank six (28) . For rank eight, the same constraint is observed when saturating the strongly quasipinned condition D This important result implies that for three-electron systems the quasipinning condition can be formulated in terms of the first three occupation numbers as follows: 1 + n 3 ≈ n 1 + n 2 .
This quasipinning condition explains why for these systems double excitations govern CI calculation of electron correlations, since its saturation removes all single and triple excitations.
Smith representability condition for quantum states with an even number of fermions (total spin equal to zero and time-reversal symmetry) forces GPC for fourelectron systems to reduce to the traditional Pauli principle. Hence Klyacko pinning implies pinning to the Pauli conditions. For general four-electron systems (non-zero total spin or without time reversal symmetry), the equivalent quasipinning condition to (29) reads 2 + n 4 ≈ n 1 + n 2 + n 3 .
The saturation of this quasipinning condition removes all single, triple and quadruple excitations. The sharp drop of the coefficients of the Slater determinants containing oddly excited configurations -seen in the analysis of BH 13 with two electrons frozen -leaves little doubt that the mechanism just described is at work there. Recall that pinning and quasipinning are phenomena at the level of the one-body reduced density matrices. Noteworthy, by means of the Klyachko selection rule, they allow us to recognize the most (in)effective configurations in the CI expansion of the wave function (in the natural-orbital basis). For instance, when imposing pinning for threeand four-electron systems, the type of configurations that are negligible are mainly single and triple excitations.
31
So far, we have investigated the structure of wave functions resulting from the imposition of pinning of the natural occupation numbers. However, the energy of a quantum mechanical N -body system can be computed by means of an exact linear functional of the two-body density matrix. There are in the literature several physically motivated density matrix functionals (built from the knowledge of the natural orbitals and the occupation numbers), which can be traced back to the functional proposed by Müller thirty years ago.
32
The approach discussed in this paper suggests that it is possible to construct reduced density matrix functionals by restricting the minimization set to the subset of pinned systems. This kind of functionals can be understood as extensions of the Shull-Löwdin functional for two-electron system. 29 This may be helpful in order to extend to open-shell systems some restricted density-matrix functionals, like the fifth version of the Piris functional (PNOF5). 33, 34 Since the tensor character of the six spin components of the reduced matrices for an odd-electron system is quite different from an even-electron system, their relative weight 35, 36 deserves further study.
